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Abstract

A new predictive model for collisional interactions between liquid droplets, which is valid for moderate to high Weber
numbers (>40), has been developed and validated. Four possible collision outcomes, viz., bouncing, coalescence, reflexive
separation and stretching separation, are considered. Fragmentations in stretching and reflexive separations are modeled
by assuming that the interacting droplets form an elongating ligament that either breaks up by capillary wave instability, or
retracts to form a single satellite droplet. The outcome of a collision, number of satellites formed from separation processes
and the post-collision characteristics such as velocity and drop-size are compared with available experimental data. The
comparisons include colliding mono- and poly-disperse streams of droplets of different fuels under atmospheric conditions,
and the results agree reasonably well.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Reliable prediction of the outcome of a droplet collision is important in spray applications since it
intimately affects the drop distribution (Gavaises et al., 1996) and therefore mixing and subsequent processes
such as evaporation and combustion and pollutant formation in reactive systems. Experimental studies with
low viscosity liquids that are useful in meteorological and energy applications have shown that at least the
following three independent variables are of interest in characterizing a binary drop collision process:

(i) Drop Weber number (We), which is the ratio of the inertia force to the surface tension force, defined as
qU2ds/r, where q is the liquid density, r is the liquid surface tension, ds is the diameter of the smaller
drop and U is the relative velocity between the colliding drops.
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Fig. 1. Definition of the impact parameter in a binary droplet collision.
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(ii) Impact parameter (b (dimensional) or B (non-dimensional)), which defines the geometrical orientation of
the interacting drops. B is obtained by dividing the orthogonal distance b defined in Fig. 1 by the sum of
the drop radii.

(iii) Drop-size ratio (D), which is the ratio of the size of the smaller drop to that of the larger drop.

The distinct outcomes of binary droplet interactions can be delineated on a Weber number–Impact param-
eter (We–B) plot for many test liquids of practical interest (Brazier-Smith et al., 1972; Ashgriz and Poo, 1990;
Qian and Law, 1997), as shown in Fig. 2. However, the details of the We–B plot are dependent on the test
liquid, background gas conditions and many other factors, such as the presence of fuel vapor in the ambience
or cleanliness of liquid surfaces (Orme, 1997). The effects of thermal and surface tension gradients can also be
critical in deciding the outcome of a collision (Neitzel and Dell’Aversana, 2002). Detailed modeling of free
surface flows and boundary tracking methods have been used for drop collision modeling, but with large
computational expenditure. The aim of the present work is to develop a model for practical sprays without
substantial additional computational expense. Further, the emphasis is on the prediction of post-collision
characteristics, as opposed to the prediction of the probability of collision, which merits considerable research
in its own right (Schmidt and Rutland, 2000).

Interest in the physics of binary droplet collisions arose mainly from meteorological applications and hence
most of the initial studies focused on colliding water droplets. Ashgriz and Poo (1990) reported experimental
investigations and analytical results that have been used in developing physical collision models. Interest in the
collision behavior of hydrocarbon fuel droplets is due to its relevance in spray combustion applications. Table
1 provides a summary of available experimental data with hydrocarbon fuels.

A priori prediction of the outcome of a collision can be made if We, B and D are known, and Table 2 pro-
vides a summary of approaches used for regime boundary predictions.
Fig. 2. Schematic of various collision regimes of hydrocarbon droplets in 1 atm. air (Qian and Law, 1997).



Table 1
Summary of experimental works on hydrocarbon droplet collisions

Authors Test liquid Weber numbers Drop-sizes (lm) Drop-size ratios Ambient medium

Jiang et al. (1992) Water, n-alkanes Up to 100 150 (approx.) 1 Air
Qian and Law (1997) Tetradecane, water 0.2–80 200–400 1 Nitrogen
Hung (1998) Mineral spirits, diesel fuel 50–400 (approx.) 50–250 (approx.) 0.2–1 (approx.) Air
Estrade et al. (1999) Ethanol Up to 220 80–300 1, 0.5 Air
Brenn et al. (2001) Propanol-2 47–350 68–123 1 Air
Willis and Orme (2003) Oils of different viscosities 203–4661 451–516 1 Vacuum
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In the classical stochastic collision model of O’Rourke (1981), the efficiency of coalescence is estimated as
ecoal ¼ minf1:0; ½2:4f ðcÞ=We�g; ð1Þ

where f(c) = c3 � 2.4c2 + 2.7c and c ¼ 1

D. This expression was derived by assuming that the rotational energy
of the combined mass formed by colliding drops should be less than the surface energy required to reform the
drops, for coalescence to be permanent (Brazier-Smith et al., 1972). The impact parameter B is chosen as the
square root of a uniform random number between 0 and 1. If B >

ffiffiffiffiffiffiffiffi
ecoal
p

, the outcome of the collision is
assumed to be a ‘grazing’ collision and the velocities of the interacting drops are specified from energy and
momentum conservation. If u denotes the drop velocity, r the drop radius, and the subscripts i and j refer
to the two interacting drops, the new drop velocities un are
un;i ¼
r3

i ui þ r3
j uj þ r3

j ðui � ujÞz
r3

i þ r3
j

; ð2Þ
where z ¼ B� ffiffiffiffiffiffiecoal
p

1� ffiffiffiffiffiffiecoal
p

� �
for grazing collisions.

If B 6
ffiffiffiffiffiffiffiffi
ecoal
p

, the outcome is assumed to be coalescence and the coalesced drop radius rn and velocity un are
given by
rn ¼ ðr3
i þ r3

j Þ
1=3 ð3Þ
and
un ¼
r3

i ui þ r3
j uj

r3
i þ r3

j

: ð4Þ
In reality there are other outcomes from a binary droplet collision process, as shown in Fig. 2. Also, the
O’Rourke model does not account for fragmentation and satellite drop formation in a non-coalescence
collision.

Tennison et al. (1998) considered reflexive separation as an additional outcome. If the effective reflexive
kinetic energy is more than 75% of the nominal surface energy of the combined spherical mass, reflexive
separation is assumed to occur (Ashgriz and Poo, 1990). The Weber number criterion is
We >
3½7ð1þ D3Þ2=3 � 4ð1þ D2Þ�Dð1þ D3Þ2

ðD6g1 þ g2Þ
; ð5Þ
where g1 ¼ 2ð1� nÞ2ð1� n2Þ1=2 � 1; g2 ¼ 2ðD� nÞ2ðD2 � n2Þ1=2 � D3 and n = 0.5B(1 + D). Tennison et al.
(1998) also did not account for the fragmentation of drops in a reflexive separation process. If Werflx is the
critical Weber number for reflexive separation, the velocities of the interacting drops were modified using
Eq. (2) but assuming
z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Werflx

We

r
: ð6Þ
Georjon and Reitz (1999) proposed a model for collisions with fragmentation of drops. Drops that undergo
grazing collisions were assumed to combine to form a uniform cylindrical liquid ligament whose temporal
evolution is governed by a non-linear second order differential equation derived from mass and energy



Table 2
Regime boundary predictions in binary droplet collision modeling

Author(s) Bouncing Coalescence Reflexive separation Stretching
separation

Shattering collisions

O’Rourke (1981) Not considered Coalescence efficiency
from Brazier-Smith
et al. (1972)

Not considered From Brazier-Smith
et al. (1972), any
non-coalescence process

Not considered

Tennison et al. (1998) Not considered Brazier-Smith et al. (1972) Criterion by Ashgriz
and Poo (1990)

Brazier-Smith et al. (1972) Not considered

Georjon and Reitz (1999) Not considered Brazier-Smith et al. (1972) Not considered Brazier-Smith et al. (1972) If grazing collision,
time-track the ligament

Estrade et al. (1999) Correlation developed
by Estrade et al. (1999)

Brazier-Smith et al. (1972) Criterion by Ashgriz and Poo
(1990) with added viscosity
correction by Qian and
Law (1997)

Brazier-Smith et al. (1972) Not considered

Post and Abraham (2002) Estrade et al.
(1999)

Brazier-Smith et al. (1972) Ashgriz and Poo (1990) Brazier-Smith et al. (1972) If reflexive separation and
Weber number is above a
threshold (100/1000)

Kollár et al. (2005) Estrade et al.
(1999)

Brazier-Smith et al. (1972) Ashgriz and Poo (1990) Brazier-Smith et al. (1972) Not considered
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conservation. Rayleigh’s linear jet breakup theory was used to characterize satellite drops formed from the
breakup of the ligament. Comparisons of predicted post-collision velocities and drop-sizes with the experimen-
tal results of Hung (1998) showed good qualitative agreement.

A ‘composite’ collision model was proposed by Post and Abraham (2002) that accounts for most of the
outcomes in a wide range of Weber numbers, including bounce, reflexive separation, stretching separation,
coalescence and shattering. To reduce the computational time, they proposed an approximate solution to
the governing equation of the stretching ligament of Georjon and Reitz (1999) valid for high Weber numbers.
However, they did not account for fragmentation in the reflexive and stretching separation processes. Depen-
dency of the stretching separation process on impact parameter was also not considered.

Estrade et al. (1999) provided comprehensive information about the number of satellite drops formed from
the collisions. They derived a criterion for drop bouncing by prescribing that the initial kinetic energy of the
drop should not exceed the energy required to produce a limiting deformation, viz.,
We <
Dð1þ D2Þð4H0 � 12Þ
v1 cos½sin�1ðBÞ�
� �2

; ð7Þ
where H 0 a shape is factor of value 3.351 and v1 is a function of drop-sizes and impact parameter, where, for
0.5(ds + dl)(1 � B) > 0.5dl,
v1 ¼ 1� 0:25ð2� sÞ2ð1þ sÞ; ð8Þ
or, if 0.5 (ds + dl)(1 � B) 6 0.5dl,
v1 ¼ 0:25s2ð3� sÞ: ð9Þ
Here s = (1 � B)(1 + D) and ds and dl are the diameters of the small and large drops, respectively.
Brenn et al. (2001) reported experiments with mono-disperse drops undergoing coalescence, reflexive

separation or stretching separation and outlined stability nomograms to demarcate zones of constant number
of satellite drops. They also proposed models for head-on and off-center collisions at high impact parameters,
and compared predictions of the number of satellite drops with experimental observations of Ashgriz and Poo
(1990) with reasonable agreement.

Kollár et al. (2005) proposed a composite collision model to simulate reflexive separation, stable coales-
cence and stretching separation. The model did not account for fragmentation in droplet collisions. Ko
and Ryou (2005) proposed models for reflexive and stretching separation processes allowing for fragmentation
of the volume separated from the colliding drops. The separating liquid volume from colliding drops was
assumed to be proportional to both the net energy required for separation and the volume of the interaction
region. This is a reasonable assumption because experimental images (Ashgriz and Poo, 1990; Qian and Law,
1997) show that only a portion of the interaction volume goes on to form satellite drops while the rest returns
to the parent drops. Comparisons of the predicted number of satellite drops with available experimental data
(Ashgriz and Poo, 1990; Brenn et al., 2001) showed some agreement. However, a physical mechanism for the
breakup was not proposed.

In summary, in spite of the extensive literature, existing droplet collision models lack comprehensiveness
and have not been adequately validated. It is important to establish confidence in the prediction of the out-
come of a droplet collision process under controlled and deterministic conditions before extending the model
to a spray. The primary objective of the present work was to develop a comprehensive, yet computationally
inexpensive droplet collision model for determining the post-collision velocities and drop-sizes in binary drop
collisions that occur under moderate to high Weber numbers (above 40). The approach followed is to decide
the outcome of a collision from a We–B plot, and then determine the post-collision characteristics based on
appropriate physical mechanisms. Sections 2 and 3 describe the details of the collision model, while Section 4
describes validation using deterministic collision models with comparisons to experimental data from the lit-
erature. Finally, in Section 5, conclusions are given and the validity and limitations of the model are
discussed.
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2. Collision model

The criterion for occurrence of various collision outcomes and a unified model for the prediction of post-
collision drop characteristics are described in this section. The impact parameter is found deterministically
from the orientation of the colliding drops.

2.1. Bouncing

In bouncing (region II in Fig. 2), droplets do not actually contact each other due to the layer of gas trapped
in between them. When the impact parameter is low, bouncing takes place at lower Weber numbers. The
probability for bouncing is increased at elevated ambient pressures (Qian and Law, 1997). The present study
uses the criterion derived by Estrade et al. (1999) (Eqs. (7)–(9)) to determine the occurrence of bouncing. The
post-collision velocities of the interacting drops are given by momentum and energy conservation, assuming
no dissipation effects (viz., Eq. (2) with z = 1.0).

2.2. Coalescence

The droplets form a combined mass (temporary coalescence) that oscillates and remains a single entity (per-
manent coalescence – region III, Fig. 2). The Weber numbers are higher than those required for bouncing, so
that the kinetic energy of the drops can expel the intervening gas film. The efficiency of coalescence is estimated
with Eq. (1) and the post-collision characteristics are modeled with Eqs. (3) and (4).

2.3. Stretching separation

Droplets which collide at moderate to high impact parameters temporarily form a combined mass, but
finally separate into two or more drops (region V, Fig. 2). The portion of the fluid in the droplet that does
not experience contact continues to move in its original direction and the kinetic energy of this portion com-
petes with the surface energy of the interaction region leading to eventual separation (e.g., Fig. 3). The crite-
rion of Eq. (1) for predicting the incipience of stretching separation has been found to agree with available
experimental data and is used in the present model.

The present model considers the temporal evolution of a ligament that is composed of part of the interact-
ing volumes of the two drops. The major assumptions made in the model are:

(i) At the beginning of the stretching separation, drops form a uniform liquid ligament with bulbous end-
drops. At the instant of separation, the radius of the cylindrical ligament is much less than the radius of
the bulbous end-drops, consistent with experiments as in Fig. 3.

(ii) There is no rotation of drops immediately prior to or subsequent to the collision process.
(iii) The volume of the ligament remains constant throughout the stretching separation process. This assumes

no drainage of mass from the smaller to the larger drop which is justified since the drainage effect is
opposed by the stretching effect (Ashgriz and Poo, 1990).

(iv) If the net stretching energy is insufficient to overcome the sum of surface energy and viscous dissipation,
no satellite droplet is formed. In this case the interacting drops simply undergo velocity changes as in
Eq. (2).

(v) In stretching separation with fragmentation, the bulbous end-drops retain their original velocities but
their sizes change to conserve mass. The velocities of the satellite drops formed from the ligament are
determined from momentum and energy conservation.

(vi) The satellite drops formed from the fragmentation have equal sizes and velocities.

Ko and Ryou (2005) assumed that the ligament volume is equal to the product of the interaction volume of
the drops and a separation volume coefficient (Cvs), calculated as the ratio of the energy required for separa-
tion to the total initial energy of the two droplets. They assumed that only the surface energy in the interaction
area opposes the stretching kinetic energy. However, viscous dissipation in the interaction area offers



Fig. 3. Typical three satellite-drop stretching separation in colliding propanol-2 droplets (Brenn et al., 2001). Drop streams enter from top.

A. Munnannur, R.D. Reitz / International Journal of Multiphase Flow 33 (2007) 873–896 879
significant resistance to stretching when contact between the colliding drops is intense, which happens at inter-
mediate impact parameters. Hence, the present collision model calculates a separation volume coefficient as
Cvs ¼
Estrtch � Esurten � Edissip

Estrtch þ Esurten þ Edissip

; ð10Þ
where Estrtch is the total effective stretching kinetic energy, Esurten is the surface energy in the region of inter-
action and Edissip is the viscous dissipation in the interaction region. The fraction of the volume lost from the
smaller drop to form the ligament during collision is estimated as
ws ¼ Cvsus; ð11Þ
where, if 0.5(ds + dl)(1 � B) > 0.5ds,
us ¼ 1� ð2D� sÞ2ðDþ sÞ
4D3

; ð12Þ
or, if 0.5(ds + dl)(1 � B) 6 0.5ds,
us ¼
s2ð3D� sÞ

4D3
; ð13Þ
where s = (1 � B)(1 + D). The fraction of the volume lost from the larger drop to form the ligament during the
collision is estimated as
wl ¼ Cvsul; ð14Þ
where, if 0.5(ds + dl)(1 � B) > 0.5dl,
ul ¼ 1� ð2� sÞ2ð1þ sÞ
4D3

; ð15Þ
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or, if 0.5(ds + dl)(1 � B) 6 0.5dl,
ul ¼
s2ð3� sÞ

4
: ð16Þ
To estimate Cvs, the energies Estrtch and Esurten are (Ashgriz and Poo, 1990)
Estrtch ¼
1

2
qU 2 1

6
pd3

l

� �
D3

ð1þ D3Þ2

 !
ð1þ D3Þ � ð1� B2Þðus þ D3ulÞ
	 


; ð17Þ

Esurten ¼ r 2p
1

6
pd3

l

� �
d lsðD3us þ ulÞ

� �1=2

: ð18Þ
Jiang et al. (1992) conducted experiments that showed that the energy dissipation associated with significant
drop distortion, which precedes small amplitude free oscillations of the droplet, is independent of the liquid
viscosity. However, Willis and Orme (2003), from experiments with colliding viscous oil drops in vacuum, con-
cluded that the energy dissipation actually increases with viscosity. The present collision model follows Jiang
et al.’s (1992) approach to estimate Edissip in the interaction region because it allows a simple, a priori estima-
tion of viscous dissipation and has been validated for hydrocarbon fuels. The model assumes Edissip to be 30%
of the total initial kinetic energy of the droplets for a stretching separation process, since this estimate was
found to give reasonable predictions of the onset of satellite formation and number of satellites formed, as
will be shown later in Section 4.2.

Mass conservation for an inviscid fluid ligament, neglecting the volumes of the rounded ends gives
4

3
pr3

s þ
4

3
pr3

l ¼ ð1� wsÞ
4

3
pr3

s þ ð1� wlÞ
4

3
pr3

l þ pr2d; ð19Þ
where r is the instantaneous radius of the ligament, d is its instantaneous length, rs is the radius of the smaller
drop before collision, rl is the radius of the larger drop before collision. Assuming no heat or work transfers,
energy conservation gives
q
1

2
� 4
3
pr3

s � u2
s þ

1

2
� 4
3
pr3

l � u2
l

� �
þ 4pr2

s rþ 4pr2
l r

¼ q
1

2
� ð1� wsÞ �

4

3
pr3

s � u2
s þ

1

2
� ð1� wlÞ �

4

3
pr3

l � u2
l

� �
þ q � 1

2
pr2dV 2

r

� �

þ 2prrbs rbs þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

bs � r2

 �q� �

þ 2prrbl rbl þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2

bl � r2Þ
q� �

þ rð2prdÞ þ U; ð20Þ
where us is the velocity of the small drop, ul is the velocity of the large drop, rbs is the radius of the smaller drop
after collision, rbl is the radius of the larger drop after collision, Vr is the average velocity of the fluid inside the
ligament and U is the viscous dissipation. The governing equation for the ligament evolution is derived by dif-
ferentiating Eq. (20) with respect to time. By virtue of the model assumptions, us and ul are independent of
time. Further, d� r, rbs� r and rbl� r. Using these simplifications in Eq. (20) and differentiating it with
respect to time, one can obtain
ðpr2dÞ V 2
r


 �
 �0 þ 4pr
q

� �
ðrdÞ0 þ 2U0

q

� �
¼ 0; ð21Þ
where prime denotes derivative with respect to time. Since the ligament volume pr2d is assumed to be indepen-
dent of time, Eq. (21) can again be simplified to
V 2
r


 �0 � 4rr0

qr2

� �
þ 2U0

qpr2d

� �
¼ 0: ð22Þ
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The initial shape of the mass that connects the bulbous end-drops is assumed to be a uniform cylinder of
length equal to its radius. Then
r2d ¼ r3
0; ð23Þ
where r0 is the initial radius of the ligament given by
r0 ¼
4

3

� �
ðwsr

3
s þ wlr

3
l Þ

� �1=3

: ð24Þ
The average fluid velocity in the stretching ligament is assumed to be proportional to the rate of stretching so
that
V r ¼ Ad0; ð25Þ

where A is a constant assumed to be unity (Georjon and Reitz, 1999). The viscous dissipation is given by
U ¼ l
Z Z

1

2

ovi

oxj
þ ovj

oxi

� �2

dt dx3; ð26Þ
where l is the liquid viscosity. For pure extensional flow, since
oV r

oz
� d0

d
,

U0 ¼ pr2ld02

2d
: ð27Þ
Using Eqs. (23), (25) and (27) in Eq. (22), the complete equation with viscous effects included can be obtained
as
r00 ¼ 3r02

r

� �
þ rr4

2qr6
0

� �
� lr4r0

2qr6
0

� �
: ð28Þ
Choosing the initial radius r0 and the capillary break-up time tr ¼ ðqr3
0=rÞ

1=2 as scaling variables to form a
non-dimensional radius �r ¼ r=r0 and non-dimensional time �t ¼ t=tr, Eq. (28) becomes
�r00 ¼ 3�r02

�r

� �
þ �r4

2
� Oh0ffiffiffi

2
p �r4�r0; ð29Þ
with initial conditions, �rð0Þ ¼ 1 and �r0ð0Þ ¼ �3a
ffiffiffiffiffiffiffiffi
We0

p
=8

ffiffiffi
2
p

, where Oh0 ¼ l=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 2r0ð Þr

p
, We0 ¼ qU 2 2r0ð Þ=r and a

is a model constant that empirically accounts for the initial shape transformation of the mass that connects the
bulbous end-drops. The ligament radius at break-up is of interest in order to calculate the satellite drop-size.
For low viscosity liquids where the thinning of the ligament due to stretching is not opposed significantly by
viscous forces, the term involving the Ohnesorge number is small. Also, terms with �r4 can be dropped to re-
cover the equation valid for high Weber numbers proposed by Post and Abraham (2002)
�r00 ¼ 3�r02

�r

� �
; ð30Þ
whose solution is
r ¼ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3

4r0
aUt

q
0
B@

1
CA: ð31Þ
Interestingly, the solution is similar to that of a capillary jet with linearly varying axial velocity (Frankel and
Weihs, 1985) or for a falling inviscid liquid ligament (Henderson et al., 2000). The present fluid ligament is of
finite length with its diameter diminishing with time and hence the rate of growth of instability is not a con-
stant. Stability analysis in such situations involves the computationally expensive temporal tracking of the
most unstable wave number. At low Weber numbers, an end-pinching mechanism (Stone et al., 1986; Qian
and Law, 1997) has been proposed to be responsible for ligament breakup, but capillary instability may be
the dominant breakup mechanism at high elongations of the ligament (Stone, 1994). Willis and Orme
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(2003) show that capillary instability is the mechanism of ligament breakup at high collision Weber numbers.
Thus, capillary instability analysis for a round liquid jet is employed in the present study (Reitz and Bracco,
1986).

When Rayleigh-type instability is responsible for ligament breakup, the time for break-up tbu is related to
ligament radius at breakup rbu by Reitz and Bracco (1986) and Georjon and Reitz (1999)
Table
Detail

Criteri

Cvs 6

Cvs > 0

Cvs > 0
tbu ¼
k1

0:34

ffiffiffi
q
r

r
r3=2

bu ; ð32Þ
where k1 is a constant. The radius of drops formed from the fragmentation is
rchild ¼ 1:89rbu: ð33Þ

Using Eqs. (31) and (32), the non-dimensional ligament radius at break-up �rbu ¼ rbu=r0 is
0:75ffiffiffi
2
p

� �
ðk1aÞWe1=2

0 �r7=2
bu þ �r2

bu � 1 ¼ 0; ð34Þ
where k1 and a are assumed to be 8.5 and 0.44, respectively, to give favorable comparisons with experimental
results (see Section 4.2).

An inadequacy of the approximate solution to the equation of the ligament, not seen with the time-tracked
numerical solutions is that the retraction of the ligament and subsequent satellite drop formation cannot be
predicted. An important time scale for low Weber numbers is
T ¼ tr
d

d0
; ð35Þ
which is the ratio of the capillary time scale tr to the time scale of elongation of the fluid ligament. T� 1, is
the slow extension limit with volume contraction, while if T� 1 the break-up occurs before any significant
stretching (Frankel and Weihs, 1985; Marmottant and Villermaux, 2004). Brenn et al. (2001) observed that
a single satellite droplet is the most probable outcome of separation for the range of Weber numbers in their
experiments (47–350). Thus, the present study considers the formation of a single satellite drop as the only
outcome of a contraction process and if T is less than or equal to 2, it is assumed that the ligament contracts
to form a single satellite drop. Table 3 summarizes the procedure used to calculate number of satellites and the
size of satellite drops in stretching separation.

Post and Abraham’s (2002) approximate solution to Eq. (30) assumes the ligament volume to be indepen-
dent of impact parameter, and hence that solution cannot be used in the present study. Instead an approxi-
mate iterative solution method was adopted to solve the non-linear algebraic equation Eq. (34) based on
linearizations of the non-linear term �r7=2

bu and successive iterations of the solutions. By this method, the exact
solution to the following linearized equation is first obtained:
0:75ffiffiffi
2
p

� �
ðk1aÞWe1=2

0 �r4
bu þ �r2

bu � 1 ¼ 0: ð36Þ
Then, this is used in solving another linearized equation
0:75ffiffiffi
2
p

� �
ðk1aÞWe1=2

0 �r3
bu þ �r2

bu � 1 ¼ 0: ð37Þ
3
s of modeling fragmentation in stretching separation

on Physical process Radius of satellite drop(s) Number of satellite drop(s)

0 Grazing collision without
fragmentation (Eq. (2))

Not applicable None

and T 6 2 Ligament contraction into
a single satellite

r0 From Eq. (24) 1

and T > 2 Ligament stretching and
capillary break-up

Eqs. (33) and (34) From mass conservation of the ligament
assuming satellites of uniform size
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This process is repeated in an iterative fashion. Four iterations are found to give converged solution to the
non-linear equation in various cases which were tested and this adds very little to the computational time.
Fig. 4 compares the predicted non-dimensionalized ligament length at break-up with a fourth order
Runge–Kutta solution for tetradecane droplets (diameter 100 lm and impact parameter 0.75) and adequate
agreement is seen.

2.4. Reflexive separation

Droplets which collide at low impact parameters (near ‘‘head-on’’) undergo temporary coalescence, but
finally separate into two or more drops (region IV, Fig. 2). The process is composed of an oblate phase, where
the droplets form an outward spreading disk or torus, and a prolate phase during which an outward stretching
ligament is formed which breaks-up to produce drops (see Fig. 5). The present study uses Eq. (5) to predict the
occurrence of reflexive separation.

In reflexive separation, the number of drops formed from fragmentation does not appear to be as strong a
function of impact parameter as in stretching separation (Estrade et al., 1999; Brenn et al., 2001) because due
to the intense contact, significant droplet deformation occurs and complex flow fields are generated within the
ligament. This also increases difficulty in proposing a simple model, as for stretching separation. For instance,
Morozumi et al. (2005) found it difficult to formulate a criterion between permanent coalescence and separa-
tion for water droplets that collide head-on.
Fig. 4. Comparison of the non-dimensional ligament length at break-up as a function of Weber number as predicted by numerical solution
and approximate iterative solution – tetradecane droplets of diameter 100 lm colliding at impact parameter of 0.75.

Fig. 5. Typical three-drop reflexive separation in colliding water droplets (Ashgriz and Poo, 1990). Drops enter from right.
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The present model does not consider fragmentations that occur during the oblate phase (termed ‘shattering’
by Willis and Orme, 2003), because it requires very high initial kinetic energy and is considered to be only of
secondary importance in the present study. Instead, reflexive separation is modeled from the incipience of the
prolate phase by considering the temporal evolution of a stretching ligament. The major model assumptions
are:

(i) At the incipience of the prolate phase, the colliding drops form a uniform cylindrical ligament with
rounded ends. This is a reasonable approximation to the fourth image from the right in Fig. 5. The lig-
ament volume is equal to the sum of the volumes of the interacting drops and is independent of the
impact parameter.

(ii) The drops formed from the ligament break-up are uniform in size and velocity. Two of these form the
end-drops while the remaining liquid will form satellite drops.

(iii) The velocities of the post-collision drops are calculated by momentum and energy conservation.
(iv) If T in Eq. (35) is less than or equal to 3, it is assumed that the ligament contracts to form a single child

drop and two end-drops, all of the same size. The value 3 is chosen because it gave favorable compar-
isons with experimental data (see Section 4.3).

Assuming that the fluid velocity within the ligament is proportional to the rate of stretching and the initial
shape to be a sphere, the governing equation for the ligament is
Table
Detail

Criteri

T 6 3

T > 3
r00 ¼ 9rr4

32qr6
0

� �
� 27rr7

32qr9
0

� �
þ 3r02

r

� �
� 9lr4r0

32qr6
0

� �
; ð38Þ
where r0 is the initial radius of the ligament given by
r0 ¼ ðr3
s þ r3

l Þ
1=3
: ð39Þ
For high Weber numbers, Eq. (38) can again be simplified to Eq. (30), and the approximate linearized solution
can be found. Table 4 summarizes the procedure used to calculate number of satellites and the size of satellite
drops in reflexive separation.

The ligament evolution occurs in the prolate phase of reflexive separation and the initial conditions should
account for the energy dissipation that has occurred since drop contact. Fifty percentage of the total initial
kinetic energy of the droplets was assumed to be dissipated at the incipience of the prolate phase, consistent
with the experimental observations of Willis and Orme (2003) that the amplitude of deformation of the post-
collision mass increases with increasing Weber numbers. The dissipated energy (Evisc) is subtracted from the
total energy of the droplets before collision (E0) (the sum of the kinetic and surface energies of the two drops)
to estimate the velocity coefficient
Cv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Evisc

E0

r
: ð40Þ
This coefficient is multiplied by the original value 0.75aU/2 suggested by Georjon and Reitz (1999), to give
the initial value of the average fluid velocity inside the ligament. a is chosen to be 0.45, as in stretching
separation.
4
s of modeling fragmentation in reflexive separation

on Physical process Radius of satellite
drop(s)

Number of satellite drop(s)

Ligament contraction
into a single satellite

r0 From Eq. (39) 1

Ligament stretching
and capillary break-
up

Eqs. (33) and (34), but
using r0 From Eq. (39)

Total number of drops found from mass conservation of the
ligament assuming drops of uniform size. Two of these are end-drops
and the rest are satellites
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3. Note on separation at high Weber numbers

From the regime plot of Fig. 2, it is seen that the region of coalescence becomes narrower as the Weber
number increases, and the reflexive and stretching separation regimes may eventually overlap. Specifically,
since the probability of stretching separation is calculated from the coalescence efficiency (Eq. (1)), there is
a possibility for reflexive separation at high Weber numbers to be treated as stretching separation. To distin-
guish the processes, for any potential stretching separation process, the total stretching energy was estimated
from Eq. (17) and the total reflexive energy was estimated as (Ashgriz and Poo, 1990)
Fig. 6.
atmosp
Erflx ¼ rpd2
l ð1þ D2Þ � ð1þ D3Þ2=3 þ WeðD6g1 þ g2Þ

12Dð1þ D3Þ2

" #
: ð41Þ
If the reflexive energy was higher than the stretching energy, the process is treated as a reflexive separation;
otherwise, it is treated as a stretching separation.
Predicted regime boundaries for equal-size droplets (lines). (a) Experiments of Qian and Law (1997) for tetradecane droplets at
heric pressure. (b) Experiments of Estrade et al. (1999) for ethanol droplets at atmospheric pressure.
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4. Model validation results

The present model was validated using available experimental data. First, the ability of the model to predict
the regime boundaries of binary drop collisions is discussed. Validation of the stretching and reflexive sepa-
ration models is then presented. Finally, the collision model was implemented into a CFD code and the results
of the simulation are compared with available data for colliding streams of poly-disperse droplets.

4.1. Validation of collision regimes

Fig. 6a shows the predicted regime boundaries for binary droplet collisions between equally sized drops
together with experimental results from Qian and Law (1997) for tetradecane droplets colliding at atmospheric
Fig. 7. Predicted ligament lengths at break-up at various Weber numbers compared to experimental results (Brenn et al., 2001) for
colliding equal-size propanol-2 drops of 80 lm diameter.

Fig. 8. Predicted boundaries for the formation of satellite drops in stretching separation for colliding equal-size propanol-2 drops of
110 lm diameter. Experimental results of Brenn et al. (2001) are shown.
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pressure. Fig. 6b shows the predicted regime boundaries with experimental results from Estrade et al. (1999)
for ethanol droplets at atmospheric pressure. It is seen that the agreement is quite reasonable for both test
liquids.

4.2. Validation of stretching separation

The present model predictions were compared with experimental results of Brenn et al. (2001) to validate
the stretching separation model. They report that two 89.3 lm propanol-2 drops colliding at a Weber number
of 143 and impact parameter of 0.35, produced end-drops of diameter 86.7 lm and a satellite drop of diameter
37.9 lm. Under the same conditions, the present model predicts 88.6 lm and 31.5 lm as the diameters of the
end-drops and the single satellite drop, respectively.

Fig. 7 compares measured and predicted lengths of the ligament at the instant of separation from the
boundary drops as a function of impact parameter. Again, the comparisons show good qualitative agreement.
Fig. 9. Stretching separation predictions for various estimates of viscous energy dissipation (expressed as the percentage of total initial
kinetic energy). (a) Ligament lengths at break-up for We = 177. All conditions same as in Fig. 7. (b) Boundaries for the formation of single
satellite drop. All conditions same as in Fig. 8.
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Brenn et al. (2001) also report the existence of specific zones in the We–B plane that exhibit a constant num-
ber of satellite droplets, as shown in Fig. 8. There is good agreement between the model predictions and the
experimental results.

As mentioned in Section 2.3, it was assumed that the viscous energy dissipation in the interaction region in
stretching separation is equal to 30% of the initial kinetic energy of the drops. This quantity appears in the
separation volume coefficient (Eq. (10)) and decides not only the occurrence of fragmentation, but also the
magnitude of the ligament volume and subsequently post-fragmentation characteristics (number of satellites,
satellite drop-size). It is appropriate to assess the sensitivity of this estimate on the predictions. Fig. 9a shows
the predicted ligament lengths obtained for different values of the amount of viscous energy dissipated for the
We = 166 conditions of Fig. 7. As the dissipation is increased for the same Weber number, the onset of satel-
lite formation occurs at higher impact parameters. The impact parameter at which the ligament length reaches
a maximum also moves to the right. Fig. 9b compares the predicted stability limit for single satellite formation
against experimental results (which was shown in Fig. 8) for different values of the amount of viscous energy
dissipated. Comparisons for other numbers of satellite drops were also attempted. From the sensitivity
analysis, it appears necessary to account for viscous dissipation in the interaction region to correctly capture
the satellite formation process. From the tests, a value between 25% and 35% of the total initial kinetic energy
appears to be reasonable for stretching separation.

Since binary droplet collision behavior is dependent on the liquid properties, it was of interest to compare
results for different hydrocarbon fuels. Estrade et al. (1999) report the number of satellite droplets for various
Weber numbers and impact parameters for ethanol droplets as shown in Fig. 10. The agreements are reason-
able for up to three satellite drops, but the results are not as good for five or more satellites. In summary, the
model predictions show the following qualitative trends which have also been observed experimentally:

(i) The number of satellite drops increases as the Weber number increases.
(ii) For a given Weber number, the number of satellite drops first increases with the impact parameter,

reaches a maximum and then decreases.
4.3. Validation of reflexive separation

Fig. 11a shows the predicted variation of the number of satellite drops with Weber number, for colliding
110 lm diameter propanol-2 drops, while Fig. 11b shows predictions for 200 lm ethanol droplets. In Fig. 11a,
Fig. 10. Predicted boundaries for the formation of satellite drops in stretching separation for colliding equal-size ethanol drops of 200 lm
diameter. Experimental results of Estrade et al. (1999) are shown.



Fig. 11. Experimental and predicted number of satellite drops in reflexive separation (a) for colliding equal-size propanol-2 drops with
drop diameter 110 lm (Brenn et al., 2001) (b) equal-size ethanol drops with drop diameter of 200 lm (Estrade et al., 1999).
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experimental results of Brenn et al. (2001) are shown and the simulations over-predict the number of satellites
at high Weber numbers. In Fig. 11b, experimental results of Estrade et al. (1999) are superimposed. The agree-
ment is reasonable at lower Weber numbers but now the model under-predicts the number of satellites. The
trend of an increase in the number of satellites as Weber number increases is captured.
4.4. Validation with data for colliding droplet streams

The present collision model was implemented into a modified version of the computational fluid dynamic
code KIVA3V (Amsden, 1997) which solves for unsteady, compressible, reacting flows on finite volume grids.
For the present laminar flow calculations, the mass and momentum conservation equations for the continuous
fluid phase are
oqf

ot
þr � ðqf�uÞ ¼ _qs

f ð42Þ
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and
Fig. 12
and (b
oðqf�uÞ
ot
þr � ðqf�u�uÞ ¼ F s �rp þr � rL þ qf �g; ð43Þ
where qf is the total fluid density, �u is the fluid velocity, _qs
f is the spray source term, p is the fluid pressure, Fs is

the rate of momentum gain per unit volume due to spray, �g is the specific body force and rL is the laminar
viscous stress tensor, which is Newtonian in form. In the standard code, the spray dynamics are solved using
Monte Carlo methods and discrete particle (computational ‘parcel’) methods (Amsden et al., 1989). However,
in the present study, the code was modified to track individual droplets so as to consider deterministic, trajec-
tory based collision detections. The changes are summarized as follows:

(i) Each injected computational parcel contains one single drop.
(ii) Droplet drag and break-up processes were deactivated since only the collision process was of interest.

(iii) The collision impact parameter is determined from the geometry of the colliding drops (see Fig. 1). Fur-
ther, if the sum of the droplet radii exceeds the distance between their centers leading to drop ‘overlap’,
the probability of the collision is set to be unity. However, in the standard stochastic model (O’Rourke,
1981), neither the directions of movement of drops nor drop overlap is taken into account when deciding
about the occurrence or non-occurrence of a collision.

(iv) Fragmentation is allowed to occur only if at least one satellite drop can be formed. Otherwise, the inter-
acting drops simply undergo velocity changes reflecting energy and momentum conservation in both
stretching (Eq. (2)) and reflexive separations (Eqs. (2) and (6)).

(v) In stretching separation, all satellite drops are put into a new parcel. In reflexive separation, two of the
drops formed from the ligament break-up process are end-drops and the rest are put into a new parcel.

(vi) Collisions between two droplets formed from fragmentation are not allowed until the ligament break-up
time for at least one of them is reached.
. Collision process for We = 49, B = 0.57, drop diameters = 105 lm. Droplets enter from top. (a) Experiments (Brenn et al., 2001)
) predictions.



Fig. 13. Experimental (Hung, 1998) and predicted drop-size distributions for 10� collision angle. ‘E.P.’ denotes excluding parent drops and
‘I.P.’ denotes including the modified parent drops.
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The present collision model was used to simulate results of Brenn et al. (2001) shown in Fig. 12a. Weber
number is 49, impact parameter is 0.57 and the colliding drops are 105 lm in diameter. Fig. 12b is the corre-
sponding simulation and the agreement is encouraging.

Hung (1998) studied colliding droplet streams of mineral spirits rule 66 (Stoddard solvent) produced by two
sapphire plain-orifice nozzles. The arithmetic mean diameter (AMD) and velocity for the first stream of drop-
lets were 131 lm and 23.21 m/s, respectively; for the second stream, the corresponding values were 138 lm and
16.4 m/s, respectively. The initial diameter distribution of injected droplets was nearly Gaussian.

In the experiments, single point measurements were made 2 cm directly below the point of collision. Since
the colliding streams of poly-disperse drops travel at different velocities, there are uncertainties about the pre-
cise locations of the point of intersection. Accordingly, drop statistics were collected in two different ways to
compare with the experimental data. In the first method, the statistics of parent drops were excluded. In the
Fig. 14. Drop-size vs. velocity plots for 10� collision angle – predicted results along with the band of experimental results (Hung, 1998).
‘E.P.’ denotes excluding parent drops.



Fig. 15. Experimental (Hung, 1998) and predicted drop-size distributions for 20� collision angle. ‘E.P.’ denotes excluding parent drops and
‘I.P.’ denotes including the modified parent drops.
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second method, as a limiting case, the modified (after collision) parent drops were also included in the
statistics.

Fig. 13 compares the simulated post-collision drop-size distributions with the experimental data for colli-
sion angle of 10�. The experimental results show a bi-modal distribution with peaks at about 40 lm and
80 lm. The first peak predicted by the present model is at about 50 lm. However, inclusion of the modified
parent drops in the statistics significantly changes the shape of the distribution. The experimental mean drop-
let diameter was 67.19 lm, while the present model predicts 73.18 lm when the modified parent drops are
excluded and 99.17 lm when they are included. The overall agreement is considered to be good. Notice that
the standard O’Rourke collision model highly over-predicts the drop-sizes, with a mean drop diameter
137.69 lm even when the modified parent drops are excluded, because it does not consider fragmentation.

Fig. 14 shows the range of the experimental drop-size–velocity correlation for the collision angle of 10�
together with the corresponding predicted results. The ranges of drop velocities are seen to be nearly the same.
Fig. 16. Drop-size vs. velocity plots for 20� collision angle – predicted results along with the band of experimental results (Hung, 1998).
‘E.P.’ denotes excluding parent drops.
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In both experimental measurements and predicted results, the droplets with diameter less than 100 lm have a
proportional relationship between size and velocity and the dependency of the velocity on drop-size is weak at
higher diameters.

Fig. 15 compares post-collision drop-size distributions for a collision angle of 20�. The experimental results
show a uni-modal distribution with peak at about 25 lm while the predictions with parent drops excluded
have the most probable diameter of about 40 lm. The mean droplet diameter observed in the experiments
is 44.13 lm. The simulation results show a higher percentage of droplets between 100 lm and 150 lm, perhaps
indicating some secondary coalescence process. Again, the O’Rourke model highly over-predicts the drop-
sizes, with mean drop diameter being 135.32 lm when modified parent streams are excluded.

Fig. 16 shows the range of experimental drop-size–velocity data for the collision angle of 20� and the pre-
dictions. Again, the ranges of velocities agree with the experiments.
Fig. 17. Snapshots of the spatial droplet distribution close to the impingement point predicted for 20� collision angle: (a) present model
and (b) O’Rourke model.
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Fig. 17a shows a snapshot of the spatial droplet distribution close to the impingement point predicted by
the present model, while Fig. 17b shows the corresponding snapshot from the O’Rourke collision model’s
results. The present model shows a ‘core’ formed by smaller size satellite drops due to the break-up of liquid
ligaments while the O’Rourke model shows drops of relatively large diameter (see also Fig. 15) which are
deflected from their original paths by the non-fragmenting collision process. The present model thus captures
the physics of the fragmentation process more correctly.

Fig. 18 shows the total percentage count of each collision outcome for the collision angle of 10� as com-
pared to the O’Rourke model. It shows that droplet bounce is an important process, but mainly coalescence
and stretching separation compete with each other in determining the final drop distribution. Fig. 19 shows the
corresponding results for the collision angle of 20�. The percentage of bounces is seen to be higher due to the
increase in the collision angle.

Finally, Table 5 compares the CPU times required by the O’Rourke model and the present model for 10�
and 20� collision angle cases. It can be seen that the additional computational expense introduced by the
Fig. 18. Comparison of collision outcomes for 10� collision angle. ‘B’ – bounce, ‘C’ – coalescence, ‘S’ – stretching separation (present
model)/grazing collision (O’Rourke model) and ‘R’ – reflexive separation.

Fig. 19. Comparison of collision outcomes for 20� collision angle. ‘B’ – bounce, ‘C’ – coalescence, ‘S’ – stretching separation (present
model)/grazing collision (O’Rourke model) and ‘R’ – reflexive separation.



Table 5
Comparison of CPU times for the two collision models

Collision angle (�) CPU time – O’Rourke model (s) CPU time – present model (s)

10 5020 5143
20 4804 5097

A. Munnannur, R.D. Reitz / International Journal of Multiphase Flow 33 (2007) 873–896 895
present model is modest. This is attributed to the predominance of bouncing which does not affect the number
of drops, the avoidance of unphysical collisions, use of an approximate iterative solution method for ligament
break-up and the additional expense of new drops created by fragmentation.

5. Conclusions

A new predictive model for binary drop collisions has been formulated that includes bouncing, coalescence,
reflexive separation and stretching separation as outcomes. Comparisons with experimental data for tetrade-
cane and ethanol drops colliding under atmospheric conditions show that the model predicts the collision out-
comes reasonably well. Fragmentations in stretching and reflexive separations are modeled by assuming that
the interacting droplets form an elongating ligament that either breaks up by capillary wave instability, or
retracts to form a single satellite droplet. In stretching separation, the number of satellites formed is found
to first increase with an increase in the impact parameter, reach a maximum and then decrease. The number
of drops formed from fragmentation increases with an increase in Weber number. These trends are in agree-
ment with experimental observations. The model was implemented into a CFD code and deterministic colli-
sions were considered. Comparisons of model predictions with experiments for colliding poly-disperse drop
streams were made. The results show that the present model predicts the outcome of the collision and relevant
post-collision characteristics, such as drop-sizes, velocities and spatial distributions of droplets with acceptable
accuracy and minimal added computational expenditure.

In the present model, drops formed from fragmentation are assumed to be uniform in size and velocity.
Thus, the model does not predict the multiplicity of sizes observed in reality in a fragmentation process.
An improved modeling approach could use a distribution function to define the characteristics of the droplets
formed from ligament fragmentation. However, unequally sized drops have a greater tendency to coalesce and
this process often competes with aerodynamic break-up even in a non-reactive spray to decide the final drop-
size; so, considerations of such additional, competing processes should be important in spray applications.
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